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Penrose triangle. Then using the fundamental concepts of geometry, we find geometric relationship, 
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Penrose triangle by changing measurements, or considering other impossible figures. 
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Possible Adventures in Impossible Figures 
Knarik Tunyan 
 
Introduction  
Have you ever been tricked by an optical illusion, an image that our eyes see differently 
from what it is in reality? Examples of optical illusions include so-called ‘moving’ pictures, i.e., 
static images that appear to the human eye to move due to special shapes, patterns, and colors in 
the image; ‘ghost images’ or afterimage illusions, i.e., illusions that one can see after staring at 
the original picture; impossible figures and objects, i.e., 3D objects that can be drawn in two-
dimensional space, but cannot exist in three-dimensional space [4,5]. Optical illusions fascinate 
psychologists, philosophers, artists, and mathematicians [11]. Different aspects of optical 
illusions, such as spatial perspective, psychology of perception, impossible structures, or as 
artistic objects, have been described in numerous books and articles.  
In particular, impossible figures have been used in art for centuries. O. Reutersvärd is 
considered to be ‘’The Father of Impossible Objects’’ because of the outstanding (more than 
2500!) number of impossible objects he created [7]. His most famous is the impossible triangle, 
the simplest most elegant impossible figure, that he created in 1934. In 1958, unaware of 
Reutersvärd’s  work, the psychiatrist L. Penrose and his son mathematician R. Penrose, published 
a detailed description of the impossibility of this triangle structure in a 3D world, and called it 
‘impossibility in its purest form’ [8]. This triangle has ever since been called the Penrose triangle 
(Figure 1). The Penrose triangle was also used by the artist, M.C. Escher, who is famous for 
implementation of math principles in his art. In particular, his drawings contain complicated 
impossible structures [2], which inspired many artists toward a new direction in the visual arts, 
the ‘impossible art’. Recently, impossible objects are quite extensively used in computer graphics 
and even in computer video games [10]. 
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The scope of this article is to uncover the patterns in and explore the geometric relations 
of the Penrose triangle. We will then use these relations to draw the Penrose triangle by utilizing 
Mathematica computer software [12]. Inspirational ideas for further exploration of this topic are 
also suggested. 
 
Patterns in the Penrose triangle 
Let us now take a closer look at the Penrose triangle (Figure 1). Note that the Penrose 
triangle consists of three equivalent figures, see the black, light and dark gray L-shaped polygons 
(Figure 1a). Note also that if we rotate the black polygon by 120 and 240 degrees, we will land at 
the other two polygons. 
 
Therefore, in order to draw the Penrose triangle using computer programming, it would be 
sufficient to draw only one of the L-shaped figures, copy and then rotate. The problem is now 
reduced to determine the coordinates of vertices of one of the polygons and draw line segments 
between points. 
 
 
 
a) b) 
Figure 1. The Penrose triangle by using the Mathematica code. 
 
2
The STEAM Journal, Vol. 4, Iss. 2 [2020], Art. 10
https://scholarship.claremont.edu/steam/vol4/iss2/10
 
 
 
Sketching the Penrose triangle 
First, let us explain how to sketch the Penrose triangle. Note that there are different ways 
to draw it. One of the approaches is to start by drawing an equilateral triangle (Figure  2a), that 
will be used to form the outer triangle. Next, draw lines inside this triangle that are parallel to 
and equidistant from the sides of the outer triangle, thus forming the second triangle and 
rhombuses in each corner (Figure 2b). By repeating the procedure for the second triangle, we 
will have three equally spaced equilateral triangles and six equal rhombuses at the corners 
(Figure 2c). Finally, by connecting vertices as shown on Figure 2d, the Penrose triangle will be 
formed. The outer sides of the Penrose triangle form a truncated equilateral triangle.  
 
 
Geometric relationships and determining the coordinates 
Let’s now determine the coordinates of the one of the L-shaped figures, we will call it a 
primary polygon. From a calculation point of view, the best choice for the primary polygon would 
be the one with the most vertical and/or horizontal lines, which in our case is the figure ABCDEF 
with the bold lines (Figure 3a). It is placed on the xy-coordinate plane in such a way that the left 
corner of the outer triangle is at the origin.  
a) c) b) d) 
Figure 2. Sketching the Penrose triangle. 
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Let the length of the outer triangle, 𝑙, and the distance between the sides of triangles, 𝑑, be given. 
These two values are used to determine the coordinates of all other vertices. In our example, 𝑙 =
10cm and 𝑑 = 1cm.  
To determine the coordinates of the points 𝐴, 𝐵, 𝐶, 𝐷, 𝐸 and 𝐹, we will need a few more 
measurements, namely, the height of the outer triangle, 𝑄𝐿, the side of the rhombuses, 𝑟, and 
lengths of both diagonals. All these values can be expressed via 𝑙 and 𝑑. 
The side of the rhombus, 𝑟, can be evaluated by using the trigonometric ratios in the right triangle 
OMN (Figure 3b). Since angles in an equilateral triangle are 60°,  ∠𝑀𝑂𝑁 = 60°. Therefore, 
𝑀𝑁
𝑂𝑀
=
sin 60°, or in terms of 𝑟 and 𝑑, 
𝑑
𝑟
=
√3
2
. From the last equation, we can express the side of the 
rhombus 𝑟 in terms of 𝑑, 𝑟 =
2𝑑
√3
. Similarly, 
𝑂𝑁
𝑂𝑀
= cos 60°, or 𝑂𝑁 = 𝐾𝑀 = 𝐶𝐾′ =
𝑟
2
. 
Hence, we have the following four coordinates in terms of 𝑙, 𝑟, and 𝑑: 𝐴 (𝑟, 0), 𝐵 (𝑙 −  𝑟, 0),
𝐶 (𝑙 − 
𝑟
2
, 𝑑), 𝐷 (
5𝑟
2
, 𝑑)  (Figure 3b). 
Since the altitude of an equilateral triangle 𝑄𝐿 bisects the base, we can calculate its height by 
a) b) 
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Figure 3. The Penrose triangle in the xy-coordinate system. 
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using the Pythagorean theorem, 𝑄𝐿 = √𝑂𝑄2 − 𝑂𝐿2 = √𝑙2 − (
𝑙
2
)
2
=
√3
2
𝑙.  
Let us consider the right triangles ∆𝑂𝑀𝑁 and ∆𝐹𝑃𝑇. Note that 𝑂𝑀 = 𝐹𝑃 and ∠𝑀𝑂𝑁 = ∠𝑃𝐹𝑇.  
Using the property of hypotenuse-angle congruency of right triangles, we have ∆𝑂𝑀𝑁 ≅ ∆𝐹𝑃𝑇. 
Therefore, 𝐹𝑇 = 𝑂𝑁 =
𝑟
2
  and 𝑃𝑇 = 𝑀𝑁 = 𝑑.  Thus, the length of the short diagonal in the 
rhombus is 2 ∙
𝑟
2
= 𝑟, and the length of the long diagonal is 2𝑑. 
We now determined the coordinates of the vertices 𝐸 and 𝐹 as follows, 𝐸 (
𝑙
2
,
√3
2
𝑙 −  4𝑑) ,
𝐹 (
𝑙−𝑟
2
,
√3
2
𝑙 –  3𝑑 ). 
We have established the coordinates for all six vertices of the primary polygon 𝐴𝐵𝐶𝐷𝐸𝐹. We can 
now draw line segments to connect adjacent vertices, as shown on Figure 3a, by using the 
command Line in the Mathematica software. 
The next step in drawing the Penrose triangle is to rotate the two copies of the primary figure by 
120° and 240°. One of the easiest way to perform this operation in Mathematica would be to find 
the coordinates of rotation for each of the vertices and draw connecting line segments. To find 
the coordinates of rotation, we can use the concept of a rotation matrix from linear algebra. 
Specifically, to calculate the coordinates of the rotation of the point with the coordinates (𝑥, 𝑦) 
around the origin, we need to multiply the rotation matrix 𝑅𝜃 by the column-vector of the 
coordinates [
𝑥
𝑦]. The rotation matrix in a two-dimensional space around the origin in the counter-
clockwise direction is 𝑅𝜃 = [
cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃
], where 𝜃 is the angle of rotation.  
For example, the coordinates of the point 𝐴(𝑟, 0) rotated around the origin by 120° degrees are 
[
cos 120° − sin 120°
sin 120° cos 120°
] ∙ [
𝑟
0
] = [
−
𝑟
2
√3
2
𝑟
]. The result of performing the rotation operation is 
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presented in Figure 4a. Note that after the rotation we also need to make the horizontal translation 
by 𝑙 units to the right. This translation can be done by adding 𝑙 to the 𝑥-coordinate, or, in matrix 
form by adding the column-vector [
𝑙
0
] to the newly obtained coordinates. Therefore, for example, 
for the vertex 𝐴,  the coordinates after performing rotation and translation are  [
−
𝑟
2
√3
2
𝑟
] + [
𝑙
0
] =
[
−
𝑟
2
+ 𝑙
√3
2
𝑟
].  
Thus, by multiplying the rotation matrix 𝑅 by the vector of coordinates for each point of the 
primary figure and making the horizontal translation by  𝑙 units to the left, we will obtain the 
second 𝐿-shape.   
The new coordinates (𝑥′, 𝑦′) of a polygon vertex with the coordinates (𝑥, 𝑦) can be calculated as 
 [
𝑥′
𝑦′
] = [
cos 120° − sin 120°
sin 120° cos 120°
] ∙ [
𝑥
𝑦] + [
𝑙
0
] = [
−
𝑥
2
−
√3
2
𝑦 + 𝑙
√3
2
𝑥 −
1
2
𝑦
],  
or, in a linear system form, 
{
 
 
 
 
𝑥′ = −
𝑥
2
−
√3
2
𝑦 + 𝑙        
𝑦′ =
√3
2
𝑥 −
1
2
𝑦               
. 
The final result of combining the rotation by 𝜃 = 120° followed by the translation is demonstrated 
in Figure 4b (the dark gray part on the Figure 1a).  
To obtain the third piece of the Penrose triangle (the light gray part on Figure 1a), we perform 
similar steps, i.e., the rotation of the primary figure by 𝜃 = 240°, followed by the translation by 
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𝑙/2 units to the right and 
√3
2
𝑙 units up. In general matrix form, the new coordinates (𝑥′′, 𝑦′′) of a 
polygon vertex with the coordinates (𝑥, 𝑦) are calculated as follows, 
 [
𝑥′′
𝑦′′
] = [
cos 240° − sin 240°
sin 240° cos 240°
] ∙ [
𝑥
𝑦] + [
𝑙
2
√3
2
𝑙
],  
or, in a linear system form, 
{
 
 
 
 
𝑥′′ = −
𝑥
2
+
√3
2
𝑦 +
𝑙
2
        
𝑦′′ = −
√3
2
𝑥 −
1
2
𝑦 +
√3
2
𝑙
. 
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The Mathematica code can be found in the Appendix. There is no unique way of writing the code, 
one might want to explore Mathematica for other command options or use any other programming 
language to draw the Penrose triangle. 
 
Conclusion 
The mathematics behind impossible figures is quite interesting. Two basic properties have 
been observed while working with impossible 𝑛-degree regular polygons (with equal sides and 
angles). First, an 𝑛-degree impossible polygon consists of the 𝑛 𝐿-like equivalent shapes and, 
second, the angle of rotation is 360°/𝑛. 
a) b) 
c) d) 
Figure 4. Rotations and translations. 
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This geometrical excursion into the Penrose triangle not only can be easily adapted to any math 
and computer science classroom, but also opens multiple possibilities for future exploration. 
Examples include expanding general geometrical knowledge and finding other ways of defining 
the coordinates of vertices; changing the values for the parameters 𝑙 and 𝑑 and investigating 
restrictions on these two parameters; reformulating the problem by assigning initial values to the 
lengths of the outer and inner triangles; applying a similar technique to sketch an impossible 
square, pentagon, hexagon, or create a new impossible figure. 
In summary, this paper was developed to show the importance of geometry in computer science, 
and how using it creatively and in a fun way can achieve an interesting and beautiful result. 
Multidisciplinary approach becomes the new norm in education. This project demonstrates 
different aspects of the same concept, promotes appreciation of math, the beauty of the arts, and 
the use of coding. 
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Appendix . Drawing the Penrose Triangle in Mathematica. 
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